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Abstract 

A Higgs mechanism for Abelian theories over non-trivial background 
flat connections is proposed. It is found that the mass generated for 
the spin 1 excitation is the same as the one obtained from the stan¬ 
dard Higgs mechanism over trivial backgrounds, however, the dynam¬ 
ical structure of the action for the Higgs scalar is completely different 
from the usual approach. There is a topological contribution to the 
mass term of the Higgs field. After functional integration over all back¬ 
grounds, it is shown that the action for the massive spin 1 excitation 
is dual to the Topologically Massive Models in any dimension. 
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Introduction 


The Higgs Mechanism of symmetry breaking, has been used very success¬ 
fully as a mechanism of generating mass to gauge helds. For small coupling 
the quantum Hilbert space of a held theory is constructed by expanding 
around the classical minima of the potential. In the standard application of 
the Higgs mechanism to a massless gauge held coupled to scalar held the ab¬ 
solute minima of the potential correspond to (<h) = [v constant) and to 
a potential A gauge equivalent to zero. In other cases mainly for SU (2) gauge 
potentials, because of terms of the type Tr (FijFij) and non-trivial structure 
of the interacting terms for the scalar helds in the Hamiltonian, classical min¬ 
ima correspond to hat connections together with scalar helds satisfying some 
restrictions. For example in the Witten’s topological held theory[1] describ¬ 
ing Donaldson’s invariants the scalar helds satisfy = DT = [$, T] = 0. 
Similar terms for the scalar helds occur for the N = 2 SUSY Yang-Mills 
theory. The moduli space of minima is then very rich and allows interesting 
relations between topological aspects of the base manifold and physical ob¬ 
servable of the resulting held theory. After the successful use of the Higgs 
mechanism to the construction of the Standard Model, several interesting 
theories have been formulated which describe spin 1 massive excitations in 
terms of a gauge invariant held theory. In the Topological Massive [2] the¬ 
ory in 3 dimensions the “topological mass” is introduced via a Chern-Simon 
term in the Lagrangian, several extensions of this theory to four and higher 
dimensions have been presented in the literature in terms of antisymmetric 
helds and BF interacting terms. Also much work has been developed to 
understand the origin of new mechanism of generating mass to gauge held 
theories [3]. In [4] it was shown that the quantum contribution from one 
loop diagrams to the ehective action in theories with four fermions coupling 
in four dimensions exactly reproduces the topological terms of an antisym¬ 
metric held action describing the new topological photon mass generation. 
They appear in a similar way as the Chern-Simon terms are generated by 
parity violating massive fermions in 2 -|- 1 dimensions[5]. All these theories 
describe massive excitations over trivial hber bundles. 

The new relevant points in the topological mass generating approach are 
the gauge invariant formulation together with the existence of new topolog¬ 
ical sectors in these theories [6] [7], which may be understood in terms of 
topological theories. In most of the cases in terms of BF topological theo¬ 
ries. The main ingredient in the formalism is the presence of non-trivial hat 
connections (Bohm Aharonov potentials) which carries into the theory the 
non-trivial topological aspects of the base manifold. Because of the presence 
of these non-trivial hat connections and the remark that in the standard 
Higgs mechanism the minima of the Hamiltonian impose the condition of 
trivial connections, it is thought that these massive gauge theories are re¬ 
lated to a diherent mass generating mechanism. 

Since this new mechanism of photon mass generation is topological in 
nature we will look for a modihcation of the variational problem of the stan¬ 
dard Lagrangian of massless gauge helds coupled to scalars which may take 
into account topological aspect of the base manifold. This modihcation al- 
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lows the introduction of non-trivial flat connections in the description of the 
background. 

We start from the standard Lagrangian for a massless gauge field coupled 
to scalars, formulated on a topological non-trivial base manifold. We then 
show the well known result that the absolute minima of the action under ar¬ 
bitrary variations imposes the condition to the connection to be pure gauge. 
We then introduce a restricted space of variations and consider stationary 
points on this new space. We show that there are minima associated to 
non-trivial flat connections. We then follow the Higgs mechanism over this 
background and obtain the held equations for the Higgs scalar and for the 
massive gauge held. The mass of the spin 1 excitation is the same as in the 
standard Higgs approach while the mass of the Higgs scalar has a “topolog¬ 
ical” contribution from the nontrivial hat connections on the background. 
Finally we perform a duality transformation to obtain the TM theory in 
3 dim and its generalizations to higher dimensions involving antisymmetric 
helds and BF interacting terms. 


Higgs Mechanism over Non-Trivial Flat 
Connections 


We start with the action of a complex scalar held interacting with an 
Abelian gauge held, 


5 = + ( 1 ) 

here () denotes integration on a d dimensional space-time, + iA^, 

the potential H(<h) is given by 

V($) = I A I (<F*<F)^ (2) 

and C{A) stands for the Lagrangian associated to the U{1) connection A. 
We will consider C{A) to be the Chern-Simons Lagrangian on d = 3 or 
the Maxwell Lagrangian on d > 3 dimensions. In any case the action is 
invariant up to total derivatives under the gauge transformation; $ —> 
and A ^ A — d^. 

We would like to extend the spontaneous symmetry breaking process in 
such a way as to include nontrivial hat connections (one cannot gauge the 
background A away). The extension is naturally suggested by the fact that 
the Hamiltonian shows an ehective potential H(<F)e// given by: 

I/($)e// = $) + + A(r (3) 


i = l,2...,d- 1 


3 



Meaning that the gauge potential could contribute to the mass of the 
Higgs boson. 

We shall begin our analysis showing that a naive study of a vacuum state 
with A 0 leads back to the usual Higgs solution A = 0. After this, we 
will dehne the appropriate modihcations that will end up in the solution for 
nontrivial topologies. 

We denote the non-trivial vacuum expectation value (<h) = v, v being 
a constant parameter, which without loosing generality we may take to be 
real. 

The held equations for the action (1) are obtained by taking general 
variations with respect to <h, and A^. We are interested in solutions for 
the scalar and vector helds of the form: 

7^ 0 . (4) 

where f is a constant. 

Unrestricted variations of (1) with respect to and yield, 

+ 2A(<h4>*)$* = 0 

+ 2iA^a^4> - A^A^4> + + 2A(4>4>*)$ = 0 (5) 

After replacing (4) into (5) we obtain for the background held A^. 

M"* = 0 (6) 

+ 2\v^ = 0 . (7) 

Unrestricted variations of (1) with respect to A^ yield, 

r p 

+ = 0 . ( 8 ) 

SA^ 

After replacing (4) into (8) we get 

2t;2> + ^ = 0 (9) 

Since we are looking for the ground state of the theory, we are not only 
interested in a stationary point of the action but also in having a minimum 
of the Hamiltonian. If C{A) is the Lagrangian of Maxwell theory this further 
condition implies that A must be a hat connection, we will also consider 
A to be a hat connection in the case of Chern-Simons theory. Under such 
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conditions, equation (9) implies that: 




( 10 ) 


Which is the anticipated usual Higgs solution. In (4)-(10) we used the 
Minkowski metric, however the results are valid for any (pseudo) Riemannian 
metric over the base manifold. 

Our original interest lies in having a non-trivial background A^, from the 
above study, it is clear that we must modify the approach. We would like 
to have a flat connection without further restrictions, this means that we 
must avoid the conditions imposed by equations (6) and (10). Indeed, (6) 
seems like a gauge hxing condition to A which is potentially conflicting with 

( 7 ). 

In order to achieve a reasonable modihcation of the approach we consider 
stationary points of the action (1) with variations of the held subjected to 
certain restrictions, which for the scalar held we take 


5$ _ 5^* 
$0 “ d>S ’ 


( 11 ) 


= 0 . 
= 0 , 


( 12 ) 


where d is the exterior derivative acting on the 1-form 5^A, while for the 
vector held we take the global constraints 




2v‘^5A^^ + 


2v‘^5A>^ + 


6C{6A) 

dA. 

5C{6A) 

dA^ j 






= 0 , 

= 0 


(13) 


This set of restrictions on the variations of the helds ensures that the 
stationary points <ho = f and A A 0 a hat connection are strict minima of 
the action (1). That is, these conhgurations are strict minima of the action 
for variations satisfying those constrains. It seems that such set is the unique 
one to achieve such goal. 

We thus obtain several minima depending on the existence of non-trivial 
hat connections on the base manifold. That is, depending on the non-trivial 
topology of the base manifold. The number of such minima is in one to one 
correspondence to the homomorphisms of the fundamental group of the base 
manifold into the structure group, 17(1) in our case. 

All the results we are considering are valid over any (pseudo) Riemannian 
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metric over the base manifold. 

The perturbative expansion around the vacuum of the complex held $ 
satisfying (ll)is: 

<h = e*" {v + 77 ) (14) 

^ and rj being real helds, then we have 

= e^ib^{v+ r]) . (15) 

Where 

= d^ + iA^ (16) 

and 

V {^) = fb {v + r]b + X{v + r]b ■ (17) 

Under a gauge transformation one has 

e-A 

A + dA (18) 

so ^ may be eliminated by a gauge transformation. 

We notice that (14) is the general solution to (11). 

The action (1) then reduces to 

S = (^d^r]d^r] + Af,A^{v + r]b - lb{v + rib - X{v + rib + C{A)'^ . (19) 

Now we consider the decomposition of the U{1) connection over a non¬ 
trivial hat background 

We have 

Afj, = A^ + , ( 20 ) 

where satishes (13) with 5Afj_ = a^. 

(19) then reduces to 

S = (dfj^rid^ri + {A^ — ib)'b — ^Xv'^rf + [2 v{A^ — lb) — 

+ (AvA^a^ri + C{a) + v'^a^ + 2ibA^a^^ (21) 
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plus terms independent of rj and a and higher order terms which we have not 
written. 

The Higgs held rj and the massive vector held are coupled through the 
term AvA^a^r] which depends on the background held A^. We notice also 
the presence of a non standart term 2v‘^A^a^. If we consider r] and to be 
inhnitesimal of the same order with respect to v and respectively in the 
expansions (14) and (20), we obtain from (21) two hrst order inhnitesimal 
terms 


2v[A^ - - 2v^X]r] + 2v^A^a^^, (22) 

which have to be annilated in order to have a consistent theory. Using (13), 
2v‘^A^a^ may be expressed as a total derivative. Using (13) and (12) the 
term AvA^a^rj in the action (21) can also be written as a total derivative. 
The term 2vA^r] is eliminated by the restriction (12). We take 

The constrained action is then eqnivalent to 


S = {d^rjd^ri + 

+ (^C{a) + + {9 + prj) ^2n^a^ + 


(23) 


snbject to (12). 

6 and p are the Lagrange mnltipliers associated to (13). Since the constraints 
are global ones the Lagrange mnltipliers are constant. (11) has already been 
implemented by using (14) 

The held eqnations for the massive vector held are 


+ 2vA^^ + 2{e + pr7)n2> + ({9 + pv)A^) = 0 (24) 

Od^ OQjfj^OCli/ 


^ + 2v^a^^\ Af\ = 0 , 

Ten < ( 

V 1 Y -^ AfA = 0 . 

da„ / 


(25) 


The last term in (24) may be rewritten as 

‘d ((9 + 


(26) 


for tha case of 3 dim and the Chern-Simon Lagrangean, and 

*d*d (^{9 + pp)AAj 


(27) 
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for the case of the Maxwell Lagrangian in D dimensions. 

In both cases, because of (12), the terms vanish. Using (24), (25), (12) 
and (13) we get 


e = o 

p = 0 


(28) 


and the held equations reduce then to 

= 0 (29) 

where can be reexpressed in terms of the connection as 

a^ = A^- . (30) 

(29) shows that the generated mass for the spin 1 excitation is exactly 
the same as in the standard Higgs mechanism over a trivial background. The 
scalar held rj, however, is described by a completely diherent action 

(^df^rjd^r] + — 4Af A'j (31) 


subject to (12). 

The quadratic terms in this action show a distribution of mass depend¬ 
ing on the topology of the base manifold since H is a closed one form. Its 
contribution has the same sign as 4Ar;^ resulting in an increasement of the 
mass term. The constraint (12) severely restricts the space of solutions of 
the corresponding held equation. 


Dual Formulation of the Spin 1 Massive 
Excitations 


We would like now to analyze the action for the massive spin 1 excitations. 
We will show that it is the dual formulation of the gauge covariant theories 
for spin 1 excitations in term of antisymmetric helds, for the case in which 
C is the Maxwell Lagrangian in d dimensions and of the Topological Massive 
theory in 3 dimensions. From the point of view of the mass generating mech¬ 
anism we started with a hxed background A, we showed that for each A we 
have a minimum of the restricted variational problem and we performed the 
perturbative analysis around it. We are now going to functionally integrate 
over all possible backgrounds. In this sense we will obtain an ehective action 
for the massive spin 1 excitation. 



The action for the massive spin 1 held is 

(/:(a) + 2v^a^a>^) (32) 

where is given by (30), 

(33) 

A being the independent one form connection and A an independent 
closed one form over the base manifold. (32)may be rewritten as 

(/:(a) + 2t;2 (a - i) A * (a - i) ) . (34) 

Where * is the Hodge dual operation. 

We will now follow the general construction of dual formulations described 
in [8] [9]. We introduce an independent 1-form L globally dehned over the 
base manifold satisfying 


dL = 0 (35) 

and introduce this constraint into the action by using a Lagrange multiplier 
d — 2 form B. We will assume that (35) is the only constraint on L and then 
comment on the modihcation if a global restriction of the form 

j’ L = 2nn (36) 


is imposed on L. If there is no condition of type (36) then H is a d — 2 form 
globally dehned over the base manifold. 

We then have 

{C{A) + 2v^A - L) A * {A - L) + iL A dB) . (37) 

We may now integrate L in the functional integral or equivalently take 
the held equation 


-4v^ *{A-L) + idB = 0 (38) 

and eliminate L in terms of A and B. We obtain the quantum equivalent 
action 


(^C{A) + {-iy-^*dB AdB + iAAdB'^ . (39) 

If C{A) is the Maxwell Lagrangean over a 4-dimentional base manifold, 
(39) is exactly the gauge invariant action describing a massive spin 1 exci- 
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tation introduced in [3]. Its generalization to d dimensions and equivalence 
to the Proca formulation was presented in the latest of [3] and also agrees 
with (39). If C{A) is the Chern-Simon lagrangean in 3 dimensions and we 
functionally integrate on A in (39) we end up with the Topological Massive 
action[2], with the topological mass generated now by a Higgs mechanism on 
a non-trivial background. 

If we consider a global condition of the form (36) then the correct lagrange 
multiplier B is locally a d — 2 form satisfying the global condition 

i dB = 27rm . (40) 

JEd-1 


The constrains (35) and (36) are introduced into the unconstrained action 
(37) with the same term 


iL A dB (41) 

the general construction with global constrains was obtained in [8] [9]. The 
same local results are obtained as before, however the global structure of 
the held B is different. Condition (40) works as a quantum stabilizer for 
the different minima. The antisymmetric held B satisfying (40) may have 
non-trivial transitions over the base manifold associated to a higher order 
bundles as described in [9]. If H is a globally dehned d — 2 form then m = 0 
in (39). 


Conclusions 


We introduced a new variational principle which allow the implementation 
of the Higgs mechanism for Abelian theories over non-trivial background hat 
connections. The construction has similarities to the variational problem 
that allows, for integrable systems, to obtain the diherent multi-solitonic 
solutions as minima of constrained optimization problems constructed from 
conserved quantities. 

The resulting actions for the massive spin 1 excitations are gauged invari¬ 
ant and dual to the Topological Massive action in 3 dimensions and to its 
generalizations on higher dimensions in terms of antisymmetric helds. The 
approach shows how all these massive gauge actions may be obtained from 
massless gauge actions through the Higgs mechanism. The mass of the spin 
1 excitation is the same as the one obtained from the standard Higgs mech¬ 
anism over trivial backgrounds. However, the dynamics of the scalar held is 
completely different from the usual approach. The action for the scalar held 
has a pure topological contribution from the background. The mass term 
becomes increased because of this contribution. There is also a constraint on 
the scalar held which severely restricts its dynamics. When the background 
is switched to zero the standard formulation is regained. 

Finally, the approach shows how topological sectors, in these cases re- 
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lated to BF topological theories, may be incorporated to the standard Higgs 
mechanism. It is expected that the same approach will lead to the non- 
Abelian massive gauge theories in three dimensions. This is a very interest¬ 
ing case since there are two massive non-equivalent gauge invariant actions 
in three dimensions[7], probably corresponding to the weak and strong cou¬ 
pling regimes of the same theory. It would be interesting to see if the Higgs 
mechanism relates in any way both models. Another interesting point would 
be to analyze if the same approach may introduce topological sectors to the 
low energy effective actions of supersymmetric theories. 
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